HavaMirH
BAI TAP TU GIAC NQI TIEP LOP 9
CO LOI GIAI
1) Céc kién thic can nhé
1) Khai niém:
Mot tir gic ¢ bdn dinh nam trén mot duodng tron dugc goi 12 tir giac noi tiép duong tron (Goi tét

la t&r gi4c not tiép)

2) Dinh i
- Trong mét tt giac noi tiép, tong sé do hai goc dbi dién bang 180°
- Néu mot tur giac c6 tong sé do hai goc ddi dién biang 180° thi t giac d6 noi tiép duong
tron.
3) Ddu hiéu nhdn biét (cac cach chizng minh) ti# giac néi tiép
- Tt giac c6 tong s6 do hai goc doi dién bang 180°.
- T gi4c ¢ goc ngoai tai mot dinh bang goc trong cua dinh ddi dién.
- Tt giac c6 bon dinh cach déu mot diém(ma ta co thé xac dinh duoc). Diém do 1a tam
duong tron ngoai tiép tu giac.
- Tt giac c6 hai dinh ké nhau cting nhin canh chtra hai dinh con lai dugi mot goc a.
11) Bai tap
Bai 1. Cho tam giac ABC c6 ba goc nhon ndi tiép dudng tron (O). Cac duong cao AD, BE, CF
cat nhau tai H va cit duong tron (O) lan luot tai M,N,P.
Chtng minh rang:
1. T giac CEHD, ndi tiép .
2. Bbn diém B,C,E.F cung nam trén mot duong tron.
3. AE.AC = AH.AD; AD.BC = BE.AC.
4. HvaM dbi xtimg nhau qua BC.
5. Xac dinh tAm dudng tron ndi tiép tam giac DEF.
Loi gidi:
1. Xét tir gidac CEHD ta co:
£ CEH =90°( Vi BE 1a dudng cao)
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£ CDH =90°( Vi AD la dudng cao)
=> / CEH + £ CDH = 180°

Ma £ CEH va £ CDH la hai goc ddi cta tir gisc CEHD , Do d6 CEHD la tir giac noi tiép
2. Theo gia thiét: BE 1a duong cao => BE L AC => Z/BEC = 90°.
CF la duong cao => CF 1. AB => ZBFC = 90°.
Nhu vay E va F ciing nhin BC dudi mot goc 90° => E va F cing nam trén duong tron duong
kinh BC.
3. Vay bén diém B,C,E.F cing nam trén mot duong tron.
Xét hai tam giac AEH va ADC ta c6: ~ AEH = 2~ ADC =90° ; A 14 géc chung

—> A AEH ~ AADC => RE_AH _ AEAC = AH.AD.
AD  AC

* Xét hai tam giac BEC va ADC ta c6: £ BEC = £ ADC =90°; ZC la géc chung

—> A BEC ~ AADC => BE_BC S ApBC=BEAC.
AD _ AC

4. Tacd £Cy = ZA1 (vi cung phu v6i goc ABC)
ZC2 = /A1 (vila hai gbc ndi tiép cung chin cung BM)
=> /Cy1 = £ C, => CB Ila tia phan giac cua goc HCM; lai c6 CB L. HM => A CHM cén tai C
=> CB ciing 1a dwong trung tryc cia HM vay H va M ddi xtmg nhau qua BC.
5. Theo ching minh trén bdn diém B,C,E,F cung nam trén mot dudng tron
=> £/C1 = ZE1 (vi 1 hai goc noi tiép cung chian cung BF)
Ciing theo chtmg minh trén CEHD 14 tir gidc noi tiép
£C1 = ZE; (vila hai goc noi tiép cung chin cung HD)
/E1 = ZE; => EB la tia phan giac ctuia goc FED.
Chung minh tuong tu ta ciing c6 FC 1a tia phan giac ciia goc DFE ma BE va CF cat nhau tai H do

d6 H 1a tam dudng tron noi tiép tam giac DEF.
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Bai 2. Cho tam giac can ABC (AB = AC), cac dudng cao AD, BE, cét nhau tai H. Goi O 1 tim
duong tron ngoai tiép tam giac AHE.

1. Chtng minh tir giac CEHD néi tiép .

2. Béndiém A, E, D, B cung nam trén mot duong tron.
3. Chimg minh ED = % BC.

4. Chtng minh DE 14 tiép tuyén cua duong tron (O).
5. Tinh d6 dai DE biét DH=2 Cm, AH=6 Cm.
Loi giai:
Xet tir giac CEHD ta c6:
£ CEH =90°( Vi BE la duong cao)

€/ CDH =90°( Vi AD 14 dudng cao)

=> / CEH + « CDH = 180°

Ma £ CEH va Z CDH la hai goc ddi cua tir gisc CEHD , Do d6 CEHD 1a t&r giac noi tiép
2. Theo gia thiét:  BE 1a dudng cao => BE L AC => /BEA = 90°.

AD la duong cao => AD | BC => ZBDA = 90°.

Nhu vay E va D cing nhin AB dudi mot goc 90° => E va D cing nam trén duong tron dudng
Kinh AB.

Vay bon diém A, E, D, B cung nam trén mot duong tron.
3. Theo gia thiét tam gidc ABC can tai A c6 AD la duong cao nén ciing 1a duong trung tuyén

=> D la trung diém ctia BC. Theo trén ta c6 ZBEC = 90°.
Viy tam giac BEC vudng tai E c6 ED 14 trung tuyén => DE = % BC.

Vi O 1a tim duodng tron ngoai tiép tam giac AHE nén O 14 trung diém ciia AH => OA = OE =>
tam giac AOE can tai O => ZE1 = ZA1 ().

Theo trén DE = %BC => tam gidc DBE cAn tai D => /E3= /B, (2)

Ma £B1 = ZA1 ( vi cung phu véi goc ACB) => LE1 = /B3 => LE1 + ZE> = LE> + ZE3
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Ma ZE1 + ZE; = ZBEA =90° => £/E> + ZE3=90° = ZOED => DE L OE tai E.

Vay DE la tiép tuyén cia duong tron (O) tai E.

5. Theo gia thiet AH=6 Cm=>0OH=0E=3cm.; DH=2Cm=>0D =5 cm. ap dung dinh 1i
Pitago cho tam gidc OED vuéng tai E ta c6 ED? = OD? - OE2 <> ED? =52 32 < ED =4cm

Bai 3 Cho nira dudng tron duong kinh AB = 2R. Tir A va B keé hai tiép tuyén Ax, By. Qua diém
M thudc nira dudng tron keé tiép tuyén th ba cit cac tiép tuyén Ax , By lan luot ¢ C va D. Cac
duong thang AD va BC cit nhau tai N.

1. Chtng minh AC + BD = CD.

2. Ching minh ZCOD = 90°,

2
3. Ching minh AC. BD = Af .

Ching minh OC // BM

Chtng minh AB 13 tiép tuyén cua dudng tron dudng kinh CD.
Chtrng minh MN L AB.

Xéc dinh vi tri cia M dé chu vi t gidc ACDB dat gia tri nho nhat.

N o g k&

e

Loi gidi:

A - 0O Theo tinh chét hai tiép tuyén cat nhau ta c6: CA = CM; DB
=DM =>AC +BD =CM + DM.
MaCM+DM=CD=>AC+BD=CD
Theo tinh chit hai tiép tuyén cat nhau ta c6: OC la tia phan giac ciia gbc AOM; OD la tia
phan giac ciia goc BOM, ma Z/AOM va /BOM la hai goc ké bu => ~COD = 90°.
Theo trén ZCOD = 90° nén tam giac COD vuédng tai O ¢6 OM L CD ( OM la tiép tuyén ).
ap dung hé thurc gifta canh va duong cao trong tam gidc vudng ta c6 OM? = CM. DM,

2
Ma OM = R: CA = CM: DB = DM => AC. BD =R? => AC. BD = Af .

Theo trén £COD =90° nén OC L. OD .(1)
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Theo tinh chét hai tiép tuyén cit nhau ta c6: DB = DM lai ¢c6 OM = OB =R => OD la trung tryc
cua BM =>BM 1 OD .(2). Tu (1) Va (2) => OC // BM ( Vi cung vuong goéc véi OD).
Goi I 1a trung diém ciia CD ta c6 I 1a tam duong tron ngoai tiép tam giac COD dudng kinh
CD c6 10 la ban kinh.

Theo tinh chét tiép tuyén ta c6 AC L AB; BD L AB => AC // BD => tit giac ACDB 14 hinh
thang. Lai c¢6 I 13 trung diém cua CD; O 1a trung diém cua AB => 10 13 duong trung binh cia
hinh thang ACDB
=>10// AC, ma AC L AB =>10 L AB tai O => AB 14 tiép tuyén tai O ctia duong tron duong
kinh CD

6. Theo trén AC // BD => SN ~AC 113 cA=CM: DB =DM nénsuy ra SN =M
BN BD BN DM

=>MN // BD ma BD L AB => MN L AB.

7. (HD): Ta c6 chu vi tir giac ACDB = AB + AC + CD + BD ma AC + BD = CD nén suy
ra chu vi tir gidac ACDB = AB + 2CD ma AB khong d6i nén chu vi tir gisc ACDB nho nhét khi
CD nhé nhat , ma CD nho nhat khi CD 1a khoang cach giit Ax va By ttc 1a CD vudng goc voi Ax
va By. Khi d6 CD // AB => M phai 1 trung diém cua cung AB.

Bai 4 Cho tam giac cdn ABC (AB = AC), I 1a tam dudng tron ndi tiép, K 13 tdm duong tron
bang tiép goc A , O 1a trung diém cua IK.

1. Ching minh B, C, I, K cung nam trén mot dudng tron.

2. Chimg minh AC 1a tiép tuyén cua duong tron (O).

3. Tinh ban kinh duong tron (O) Biét AB = AC =20 Cm, BC =24 Cm.
Loi gidi: (HD)

1. Villatdm duong tron noi tiép, K 12 tim dudng tron bang tiép goc A nén BI va BK 1a
hai tia phan giac cua hai goc ké bu dinh B
Do d6 BI L BK hayZIBK =90° .

Tuong ty ta ciing c6 ZICK = 90° nhur vay B va C cing ndm trén dudng tron dudng kinh
IK do d6 B, C, I, K cung nam trén mot duodng tron.

Taco ZC1= ~ZC> (1) (vi CI la phan giac cua goc ACH.

ZCo+ Z11=90°(2) (vi LIHC =90°).
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Zl1 = Z1CO (3) ( vi tam gidc OIC can tai O)
T (1), (2), (3) => ZC1+ ZICO = 90° hay AC L OC. Vay AC la tiép tuyén cua duong tron (O).
Tir gia thiét AB=AC =20 Cm, BC =24 Cm=>CH =12 cm.
AH? = AC? — HC? => AH = /202 —122 =16 (cm)

2 2
CH2=AHOH=>0H= 1" _12 —q(cm)
AH 16

OC = VOH? + HC? = /92 +122 =4/225 =15 (cm)

Bai 5 Cho duong tron (O; R), tir mot diém A trén (O) ké tiép tuyén d vé6i (O). Trén duong thang
d lay diém M bat ki ( M khac A) ké cat tuyén MNP va goi K 14 trung diém cta NP, ké tiép tuyén
MB (B la tiép diém). Ké AC L MB, BD L MA, goi H la giao diém cua AC va BD, I 1a giao diém
cua OM va AB.

1. Chung minh tir giac AMBO ndi tiép.

2. Ching minh ndm diém O, K, A, M, B cung nam trén mot duodng tron .
3. Chinmg minh OlL.OM =R?; Ol. IM = |AZ,
4. Ching minh OAHB la hinh thoi.
5. Chung minh ba diém O, H, M thiang hang.
6. Tim quy tich ctua diém H khi M di chuyén trén dudng thang d
Loi gidi:
(HS tu 1am).

Vi K 1a trung diém NP nén OK L NP ( quan hé duong kinh



Va day cung) => ZOKM = 90°. Theo tinh chat tiép tuyén ta
c6 ZOAM = 90°% ZOBM = 90° nhu vay K, A, B cung nhin OM dudéi mot goc 90° nén cling
nam trén duong tron dudng kinh OM.
Vay nam diém 0,K, A, M, B cung nam trén mot duong tron.
3. Tacd MA = MB ( t/c hai tiép tuyén cat nhau); OA = OB =R
=> OM la trung truc cuia AB=>0OM L ABtail.
Theo tinh chat tiép tuyén ta c6 ZOAM = 90° nén tam giac OAM vudng tai A c6 Al la duong
cao.
ap dung hé thurc giita canh va duong cao => OL.OM = OA? hay OI.OM = R% va Ol. IM = |AZ,
4. Taco OB L MB (tinh chat tiép tuyén) ; AC L MB (gt) => OB // AC hay OB // AH.
OA L MA (tinh chat tiép tuyén) ; BD L MA (gt) => OA // BD hay OA // BH.
=> Tu giac OAHB la hinh binh hanh; lai c6 OA = OB (=R) => OAHB la hinh thoi.
5. Theo trén OAHB Ia hinh thoi. => OH L AB; ciing theo trén OM L AB => O, H, M thang
hang( Vi qua O chi c6 mot dudng thang vudng goc véi AB).
6. (HD) Theo trén OAHB la hinh thoi. => AH = AO = R. Vay khi M di dong trén d thi H ciing
di dong nhung ludén cach A ¢ dinh mot khoang bang R. Do d6 quy tich cia diém H khi M di
chuyén trén duong thang d 1a nira dudng tron tdm A ban kinh AH =R

Bai 6 Cho tam gidc ABC vudng ¢ A, duong cao AH. V& duong tron tdm A ban kinh AH. Goi
HD la duong kinh cia duong tron (A; AH). Tiép tuyén cua duong tron tai D cat CA 6 E.

1. Chung minh tam gidc BEC can.

2. Goi I 1a hinh chiéu ctia A trén BE, Chirng minh rang AI = AH.

3. Chung minh rang BE 14 tiép tuyén cta duong tron (A; AH).

4. Ching minh BE = BH + DE.

Loi gidi: (HD)

A AHC = AADE (g.c.g) => ED = HC (1) va AE = AC (2).
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Vi AB LCE (gt), do d6 AB vira 1a dudng cao vira 1a dudng trung tuyén cua ABEC => BEC la
tam giac can. => ZB1 = /B>
E D

2

2. Hai tam gidc vudéng ABI va ABH c6 canh huyén AB chung, /B: = /B, => A AHB =
AAIB
=> Al = AH.
3. Al = AH va BE L Al tai I => BE la tiép tuyén cia (A; AH) tai 1.
4. DE = IEvaBl =BH => BE = BI+IE =BH + ED
Bai 7 Cho duong tron (O; R) dudng kinh AB. K¢ tiép tuyén Ax va lay trén tiép tuyén d6 mot
diém P sao cho AP > R, tir P ké tiép tuyén tiép xtic vi (O) tai M.
1. Chung minh rang t giac APMO noi tiép dugc mot duong tron.
2. Chung minh BM // OP.
3. Puong thiang vudng goc voi AB ¢ O cit tia BM tai N. Ching minh tr giac OBNP 1a hinh
binh hanh.
4. Biét AN cat OP tai K, PM cit ON tai I; PN va OM kéo dai cit nhau tai J. Ching minh I, J,
K thang hang.
Loi giai:
(HS ty lam).
Ta c6 ¢ ABM ndi tiép chan cung AM; AOM la goc ¢ tam

ZAOM

chan cung AM => ABM = (1) OP 12 tia phan giac ¢ AOM ( t/c hai tiép tuyén cat nhau )

ZAOM
> @

Tur (1) va (2) => é ABM = é AOP (3)

=> AOP=




Ma g6c ABM va goc AOP 1a hai goc ddng vi nén suy ra BM // OP. (4)
Xét hai tam giac AOP va OBN ta 6 : géc PAO=90° (vi PA la tiép tuyén ); géc NOB = 90° (gt
NO_LAB).
=> PAO =NOB =90° ; OA = OB = R; AOP =OBN (theo (3)) => AAOP = AOBN => OP = BN
()
Tir (4) va (5) => OBNP la hinh binh hanh ( vi ¢6 hai canh ddi song song va bang nhau).
Tt gidc OBNP 1a hinh binh hanh => PN // OB hay PJ // AB, ma ON L AB =>ON L PJ
Ta ciing c6 PM L OJ ( PM Ia tiép tuyén ), ma ON va PM cit nhau tai I nén I 13 truc tdm tam giac
POJ. (6)
Dé thiy tir gidc AONP 1a hinh chit nhat vi c6 PAO = AON =ONP = 90° => K la trung
diém caa PO (t/c dudng chéo hinh chit nhat). (6)
AONP la hinh chir nhat => ¢APO = é NOP ( so le) (7)
Theo t/c hai tiép tuyén cat nhau Ta c6 PO 1a tia phan giac EAPM => ¢éAPO = éMPO (8).
T (7) va (8) => AIPO cén tai I ¢6 IK 1a trung tuyén dong thoi 1a duong cao => IK L PO.
(9)
Tir (6) va (9) => 1L, J, K thing hang.
Bai 8 Cho ntra dudng tron tim O dudng kinh AB va diém M bat ki trén ntra dudng tron ( M
khac A,B). Trén nira mit phing bd AB chtra nira dudng tron ké tiép tuyén Ax. Tia BM cit Ax tai
I; tia phan gidc cua goc [AM cat nira duong tron tai E; cat tia BM tai F tia BE cit Ax tai H, cit
AM tai K.
1) Chirng minh rang: EFMK 1a tir giac noi tiép.
2) Chirng minh rang: AI? = IM . IB.
3) Chung minh BAF la tam gidc can.
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4) Chirng minh rang : T gisc AKFH 14 hinh thoi.
5) Xéc dinh vi tri M dé tir gidc AKFI ndi tiép duoc mot duong tron.
Loi gidi:
1. Taco : EAMB = 90° ( ndi tiép chin nira duong tron )
=> 6KMF = 90° (vi 13 hai gbc ké bu).
éAEB = 90° ( noi tiép chin nira dudng tron )
=> 6KEF = 90° (vi 14 hai goc ké bu).
=> éKMF + éKEF = 180° . Ma ¢éKMF va éKEF 1a hai goc ddi cua to giac EFMK do d6
EFMK la tr gidc noi tiép.

X

2 2
1

A o B Taco élAB = 90° (vi Al I tiép tuyén ) => AAIB vudng tai A

c6 AM L IB ( theo trén).
4p dung hé thurc giita canh va duong cao => AI? = IM . IB. "

Theo gia thiét AE 14 tia phan giac goc IAM => éIAE = éMAE => AE = ME (lido ......)
=> ¢ABE =¢MBE ( hai goc n6i tiép chan hai cung bang nhau) => BE 1a tia phan gidc goc ABF.
1)

Theo trén ta c6 éAEB = 90° => BE L AF hay BE la duong cao ctia tam gidc ABF (2).
Tu (1) va (2) => BAF la tam giac cén. tai B .
BAF 1a tam giac can. tai B c¢6 BE 1a dudng cao nén dong thoi 1a duong trung tuyén => E 1a
trung diém cta AF. (3)
Tu BE L AF => AF | HK (4), theo trén AE la tia phan giac goc IAM hay AE la tia phan giac
éHAK (5)
T (4) va (5) => HAK la tam giac can. tai A c6 AE 1a duong cao nén dong thoi 1a duong trung
tuyén => E 1 trung diém cua HK. (6).
T (3), (4) va (6) = AKFH la hinh thoi ( vi c6 hai dudng chéo vudng goc vdi nhau tai trung

diém cua mdi duong).
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(HD). Theo trén AKFH 1a hinh thoi => HA // FH hay IA // FK => tu giac AKFI 1a hinh
thang.
Dé tir giac AKFI ndi tiép duoc mot duong tron thi AKFI phai 13 hinh thang can.
AKFI 13 hinh thang can khi M 14 trung diém cta cung AB.
That viy: M 14 trung diém cta cung AB => éABM = éMALI = 45° (t/c goc ndi tiép ). (7)
Tam gidc ABI vudng tai A c6 éABI = 45° => éAIB = 45° (8)
Tir (7) va (8) => éIAK = AIF = 459 => AKFI 14 hinh thang cén (hinh thang c6 hai goc day bang
nhau).

Vay khi M 1a trung diém ctia cung AB thi tr gidc AKFI ndi tiép dugc mot dudng tron.

Bai 9 Cho ntra dudng tron (O; R) duong kinh AB. Ké tiép tuyén Bx va lay hai diém C va D
thudc nira duong tron. Céc tia AC va AD cét Bx 1an lugt ¢ E, F (F & giita B va E).

1. Chung minh AC. AE khong do6i.

2. Chung minh £ ABD = £ DFB.

3. Chung minh rang CEFD 1a tir giac noi tiép.

Loi gidi:

C thudc nira dudong tron nén ZACB = 90° ( ndi tiép chin nira duong tron ) => BC L AE.
ZABE = 90° ( Bx 1a tiép tuyén ) => tam giac ABE vuéng tai B c6 BC 1a duong cao => AC. AE
= AB? (hé thirc giira canh va duong cao ), ma AB 1a dudng kinh nén AB = 2R khong ddi do do
AC. AE khong doi.

A ADB c6 ZADB = 90° ( ndi tiép chan nira dudng tron ).
=> /ABD + ZBAD = 90° (vi tong ba goc ctia mot tam giac bang 180°)(1)

A ABF c6 ZABF = 90° ( BF la tiép tuyén ).
=> /AFB + /BAF = 90° (vi tong ba goc ctia mot tam giac bang 180°) (2)
Tu (1) va (2)=> LZABD = ZDFB ( cung phuy véi Z/BAD)



A 5 Tw gidc ACDB ndi tiép (O) => ZABD + ZACD = 180° .
ZECD + ZACD = 180° ( Vi 1 hai goc k& bii) => ZECD = ZABD ( cing bu v6i ZACD).
Theo trén ZABD = ~/DFB => /ECD = /DFB. Ma ZEFD + ZDFB = 180° ( Vi l4 hai goc ké bu)
nén suy ra ZECD + ZEFD = 180° mit khac ZECD va ZEFD la hai goc ddi cua tr gidc CDFE
do @6 tir giac CEFD 1a tir gidc noi tiép.

Bai 10 Cho dudng tron tim O dudng kinh AB va diém M bét ki trén nira duong tron sao cho
AM < MB. Goi M’ 1a diém ddi xting cia M qua AB va S 14 giao diém cua hai tia BM, M’A. Goi
P 1a chin duwong vudng goc tir S dén AB.

1. Chung minh bén diém A, M, S, P ciing nam trén mot duong tron

2. Goi S’ 1a giao diém ctia MA va SP. Ching minh rang tam giac PS’M can.

3. Chimg minh PM Ia tiép tuyén ctia dudng tron .
Loi gidi:
1. Taco SP L AB (gt) => ZSPA = 90° ; ZAMB = 90° ( ndi tiép chin nira dudng tron ) =>
ZAMS = 90° . Nhu vy P va M cing nhin AS dudi mét goc bang 90° nén cing nam trén dudng
tron duong kinh AS.

Vay bon diém A, M, S, P cung nam trén mot dudng tron.

2. Vi M’d6i xtmg M qua AB ma M nam trén dudng tron nén M’ ciing nam trén dudng tron =>

hai cung AM va AM” ¢6 s6 do bang nhau



S
1
p 4
3
N
1
s => /AMM’ = ZAM’M ( Hai goc ndi tiép chin hai cung bing
nhau) (1)
Ciing vi M’ddi xttng M qua AB nén MM’ 1 AB tai H=>MM’// SS’ ( ciing vudng goc véi
AB)
=> /AMM’ = ZAS’S; ZAM’M = ZASS’ (vi so le trong) (2).
=>Tu (1) va (2) => LAS’S = LASS’. —

Theo trén bdn diém A, M, S, P cung nam trén mot duong tron = LASP=/AMP (ndi tiép cung
chin AP )
=> /AS’P = ZAMP => tam giac PMS’ can tai P.
3. Tam giac SPB vuong tai P; tam giac SMS’ vuong tai M => £ZB1 = £S’1 (cung phu vadi £S).
©3)
Tam giac PMS’ can tai P => £S’1 = /M1 (4)
Tam giac OBM can tai O ( vi c6 OM = OB =R) => ZB1 = /M3 (5).
T (3), (4) va (5) => LMy = LMz => LM1 + /M2 = /M3 + ZM2 ma LMz + /M2 = ZAMB =
90° nén suy ra Z/Mi + ZM, = ZPMO = 90° => PM L OM tai M => PM la tiép tuyén ciia duong
tron tai M
Bai 11. Cho tam gidc ABC (AB = AC). Canh AB, BC, CA tiép xuc véi duong tron (O) tai cac
diém D, E, F . BF cit (O) tai I, DI cat BC tai M. Chimg minh :

1. Tam gidc DEF c6 ba goc nhon.

2. DF /I BC. 3. Tir gide BDFC ndi tiép. BD_BM
CB CF
Loi gidi:

1. (HD) Theo t/c hai tiép tuyén cat nhau ta c6 AD = AF => tam giac ADF can tai A =>
ZADF = ZAFD < 90° => sd cung DF < 180° => /DEF < 90° ( vi géc DEF ndi tiép chin cung
DE).

Chirng minh twong tu ta c6 ZDFE < 90% ZEDF < 90°. Nhu vay tam gidc DEF ¢6 ba goc nhon.
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2. Taco AB = AC (gt); AD = AF (theo trén) => ~2 - AF —5 pr//BC.
AB AC

3. DF // BC => BDFC la hinh thang lai c6 £ B = ZC (vi tam giac ABC can)
=> BDFC 14 hinh thang cin do d6 BDFC noi tiép dugc mot duong tron .

5 M E © 4. Xét hai tam giac BDM va CBF Ta c6 ~ DBM = /BCF ( hai géc

day cua tam giac can).
Z/BDM = /BFD (ndi tiép cung chan cung DI); £ CBF = ZBFD (vi so le) => /BDM = ZCBF .

=> ABDM ~ACBF => 22 _BM
CB CF

Bai 12 Cho duodng tron (O) ban kinh R ¢6 hai duong kinh AB va CD vudng goc véi nhau. Trén
doan thang AB ldy diém M (M khac O). CM cit (O) tai N. Puong thang vudng goc voi AB tai M
cit tiép tuyén tai N ciia duong tron & P. Chimg minh :

1. Tir gidc OMNP ndi tiép.

2. Tu gidc CMPO la hinh binh hanh.

3. CM. CN khéng phu thudc vao vi tri ctia diém M.

4. Khi M di chuyén trén doan thang AB thi P chay trén doan thang c6 dinh nao.
Loi gidi:
1. Tacd ZOMP =90° (vi PM L AB); ZONP =90° (vi NP 1a tiép tuyén ).
Nhu vdy M va N cung nhin OP dudi mot goc bang 90° => M va N cung niam trén duong tron
duong kinh OP => Tt gidc OMNP noi tiép.
2. Tt giac OMNP néi tiép => ZOPM = £ ONM (ndi tiép chin cung OM)
Tam giac ONC can tai O vi c6 ON=0C =R => ZONC = ZOCN
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=> ZOPM = ZOCM.

Xét hai tam giac OMC va MOP ta c6 ZMOC = ZOMP = 90°% ZOPM = ZOCM => ZCMO =
ZPOM lai ¢6 MO la canh chung => AOMC = AMOP => OC = MP. (1)

Theo gia thiét Ta c6 CD L AB; PM L AB => CO//PM (2).

Tir (1) va (2) => Tt giac CMPO 14 hinh binh hanh.

3. Xét hai tam giac OMC va NDC ta c6 ~MOC =90° (gt CD L AB); ZDNC = 90° (n6i tiép chin
nira dudng tron ) => ZMOC =/DNC = 90° lai ¢6 £C la géc chung => AOMC ~ANDC

=> %:% => CM. CN = CO.CD ma CO = R; CD = 2R nén CO.CD = 2R? khong dbi =>

CM.CN =2R? khong doi hay tich CM. CN khong phu thudc vao vi tri cua diém M.
4. ( HD) D& thdy AOMC = ADPO (c.g.c) => ZODP = 90° => P chay trén dudng thiang c6 dinh
vudng goc véi CD tai D.

ViM chi chay trén doan thang AB nén P chi chay trén doan thang A’ B’ song song va bang AB.

Bai 13 Cho tam giac ABC vudng & A (AB > AC), dudng cao AH. Trén nira mit phang bd BC
chtra dién A , V& nira duong tron duong kinh BH cat AB tai E, Ntra duong tron duong kinh HC
cat AC tai F.

1. Chung minh AFHE la hinh chit nhét.

2. BEFC 1a tir giac noi tiép.

3. AE. AB = AF. AC.

4. Chtng minh EF 1a tiép tuyén chung ctia hai nira dudng tron .
Loi gidi:

1. Taco : éBEH = 90° ( noi tiép chan nirc duong tron )

=> 6AEH = 90° (vi 13 hai goc ké bu). (1)
€CFH = 90° ( néi tiép chan nirc duong tron )
=> 6AFH = 90° (vi 14 hai goc ké bu).(2)
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EEAF = 90° ( Vi tam giac ABC vuong tai A) (3)

A

B [oX H O, € Tu(l),(2),(3)=>thr giac AFHE la hinh chir nhat ( vi ¢6 ba goc
vuong).

2. Tu giac AFHE la hinh chitr nhat nén ndi tiép dugc mot duong tron =>¢F1=éH; (ndi tiép
chin cung AE) . Theo gia thiét AH 1BC nén AH la tiép tuyén chung cta hai nira dudng tron
(01) va (0y) => éB; = éH: (hai goc ndi tiép cung chin cung HE) => éBi= éF; =>
éEBC+EEFC = éAFE + éEFC ma éAFE + éEFC = 180° (vi 1a hai goc ké bu) => éEBC+EFC =
180° mat khac éEBC va ¢EFC 1a hai goc ddi cua tir gidic BEFC do d6 BEFC 1 tr giac ndi tiép.

3. Xét hai tam giac AEF va ACB ta c6 éA = 90° la géc chung; éAFE = éABC ( theo

Chmg minh trén) => AAEF ~AACB => %:% => AE. AB = AF. AC.

* HD cach 2: Tam gidc AHB vuéng tai H c6 HE L AB => AH? = AE.AB (*)
Tam gidc AHC vuéng tai H c6 HF L AC => AH? = AF.AC (**)
Tw (*) va (**) => AE. AB = AF. AC
4. Tt giac AFHE 1a hinh chir nhat => IE = EH => AIEH céan tai I => éE1 = €H; .
AO:EH can tai Oz (vi ¢6 O1E vaO1H cung la ban kinh) => éE = éH..
=> 8E; + éE, = éH1 + éH, ma éH; + éH, = éAHB = 90° => éE; + éE, = é01EF = 90° => O;E LEF

Chting minh tuong tu ta ciing c6 O2F L EF. Vay EF 1a tiép tuyén chung cta hai nira duong tron .

Bai 14 Cho diém C thudc doan thang AB sao cho AC = 10 Cm, CB = 40 Cm. V& vé mot phia
cua AB céc nira duong tron c¢6 duong kinh theo thir tu 1a AB, AC, CB va c6 tam theo thtr ty 1a O,
I, K.
Puong vudng goc voi AB tai C cét nira dudng tron (O) tai E. Goi M. N theo thér tir 4 giao diém
cua EA, EB véi céc ntra duong tron (1), (K).

1. Ching minh EC = MN.

2. Chung minh MN 1a tiép tuyén chung ciia cac nira duong tron (1), (K).
3. Tinh MN.
4

. Tinh dién tich hinh dugc gi61 han boi ba nira dudong tron
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Loi giai:
1. Ta c6: éBNC= 90%( noéi tiép chin nira duong tron tim K)

Al C 0 K B =>éENC =90° (vi l4 hai goc ké bu). (1)

éAMC = 90° ( n6i tiép chin nirc duong tron tdm I) => éEMC = 90° (vi 13 hai goc ké bu).(2)

EAEB = 90° (n6i tiép chin nira duong tron tim O) hay éMEN = 90° (3)
Tix (1), (2), (3) => tir giac CMEN 1a hinh chit nhat => EC = MN (tinh chat duong chéo hinh chix
nhat )

2. Theo gia thiét EC LAB tai C nén EC 14 tiép tuyén chung cta hai ntra duong tron (I) va
(K)
=> éB; = éC; (hai gbc noi tiép cing chian cung CN). Tu gidc CMEN 14 hinh chit nhat nén =>
€C1= éN3 => éB1 = éN3.(4) Lai ¢c6 KB = KN (cung la ban kinh) => tam gidc KBN cén tai K =>
éB1=¢Nz (5)

Tur (4) va (5) => éN1 = éN3z ma éN1 + éN2 = ZCNB = 90° => éN3 + éN2 = ZMNK = 90°
hay MN L KN tai N => MN 4 tiép tuyén cta (K) tai N

Chtng minh twong tu ta ciing c6 MN 14 tiép tuyén cua (I) tai M,

Vay MN 1 tiép tuyén chung ctia cc nira duong tron (D), (K).

3. Ta c6 6AEB = 90° (ndi tiép chan nirc dudng tron tdm O) => AAEB vudng tai A c6 EC L
AB (gt)
=>EC2=AC. BC & EC?=10.40 = 400 => EC = 20 cm. Theo trén EC = MN => MN =20 cm.

4. Theo gia thiét AC = 10 Cm, CB =40 Cm => AB = 50cm => OA = 25 cm

Tacod Sy = 7.0A?= 7252=6257;Soy= 7. I1A?= 7.52=257; Sy = n.KB? = r.20% =
400 .

Ta c6 dién tich phan hinh dugc gii han bdi ba nira duong tronla S = % (Sw)- Sqy - Sw)

S= %(6257:- 25 7-4007) = %.200 7 =1007 ~314 (cm?)
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Bai 15 Cho tam gidc ABC vudng & A. Trén canh AC liy diém M, dung dudng tron (O) co
duong kinh MC. duong thing BM cit duong tron (O) tai D. dudng thing AD cét dudng tron
(O) tai S.

1. Chtng minh ABCD 1a ttr giac noi tiép .

2. Chtung minh CA la tia phan giac cua géc SCB.

3. Goi E la giao diém cta BC v6i duong tron (O). Chimg minh rang cac duong thang BA,

EM, CD dong quy.
4. Ching minh DM la tia phan giac cua goc ADE.

5. Chtrng minh diém M 13 tim dudng tron noi tiép tam gidc ADE.

Loi gidi:
c C
7
2]
» O
D S E
S D 2
2
\ 6 3 1 >
F A B F A B
Hinh a Hinh b

a. Ta c6 éCAB = 90° ( vi tam gidc ABC vudng tai A); éMDC = 90° ( gbc ndi tiép chin nira
duong tron ) => ZCDB = 90° nhu vay D va A cing nhin BC dudi mot goc bang 90° nén A va
D cung nam trén duong tron dudng kinh BC => ABCD la ti gic noi tiép.
b. ABCD la tir giac ndi tiép => Z/Di1= £Cs( ndi tiép cing chian cung AB).
/D1= /C3=> SM=EM => /C,= /Cs (hai gbc ndi tiép duong tron (O) chin hai cung bang
nhau)
=> CA la tia phan giac cua goc SCB.
3. Xét ACMB Ta c6 BALCM; CD 1 BM; ME | BC nhu vay BA, EM, CD la ba duong cao cua
tam giac CMB nén BA, EM, CD ddng quy.
4. Theo trén Tacd SM =EM => £D1= ZD> => DM la tia phan giac cua géc ADE.(1)
5. Ta c6 ZMEC = 90° (ndi tiép chin nira dudng tron (0)) => ZMEB = 90°.
T giac AMEB c6 ZMAB = 90° ; /MEB = 90° => Z/MAB + ZMEB = 180° ma day la hai goc

dbi nén tir giac AMEB ndi tiép mot duong tron => ZA2 = /B3 .
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Tt giac ABCD la tir giac ndi tiép => £A1= /Ba( ndi tiép cung chin cung CD)
=> /ZA1= ZA>=> AM la tia phan giac cua goc DAE (2)

Tir (1) va (2) Ta co M 1a tim dudng tron ndi tiép tam giac ADE

TH2 (Hinh b)
Bai 2 : Z/ABC = ZCME (cung phu ZACB); ZABC = ZCDS (cung bu ZADC) => ZCME =
ZCDS
=> CE=CS =>SM =EM => ZSCM = ZECM => CA 1a tia phan giac cua géc SCB.
Bai 16 Cho tam giac ABC vudng & A.va mot diém D nam giita A va B. Puong tron dudng kinh
BD cit BC tai E. Cac duong théng CD, AE lan luot cat duong tron tai F, G.

Chtrng minh :

1. Tam gidc ABC dong dang v6i tam gidc EBD.

2. Tu giac ADEC va AFBC ndi tiép .

3. AC/IFG.

4. Cac duong thang AC, DE, FB déng quy.
Loi gidi:
1. Xét hai tam gidc ABC va EDB Ta c6 ZBAC = 90° ( vi tam gidc ABC vuong tai A); ZDEB =
90° ( gbe nodi tiép chin nira duong tron )
=> /DEB = ZBAC =90°; lai c6 ZABC la géc chung => ADEB ~ A CAB .
2. Theo trén ZDEB = 90° => /DEC = 90° (vi hai goc ké bu); ZBAC = 90° ( vi AABC vuéng tai
A) hay ZDAC = 90° => /DEC + /DAC = 180° ma day 1a hai goc di nén ADEC 1a tir giac ndi
tiép .

* /BAC =90° ( vi tam giac ABC vuodng tai A); ZDFB =90° (
gdc noi tiép chan nira dudng tron ) hay ZBFC = 90° nhu vay F va A cing nhin BC duéi mot goc

bang 90° nén A va F cing nam trén dudng tron duong kinh BC => AFBC 14 tir gic noi tiép.



HavaMKkTH

3. Theo trén ADEC la tt giac ndi tiép => ZE1= £C1 lai ¢c6 ZE1= £F1 => /F1= ZC1 ma day la
hai goc so le trong nén suy ra AC // FG.

4. (HD) D@ thidy CA, DE, BF la ba duong cao cua tam giac DBC nén CA, DE, BF dong quy tai
S.

Bai 17. Cho tam giac déu ABC c6 dudng cao 1a AH. Trén canh BC 13y diém M bat ki ( M khong
trung B. C, H) ; tt M ké MP, MQ vuong gbc voi cac canh AB. AC.
1. Chtng minh APMQ 14 tr giac noi tiép va hdy xac dinh tim O cta duong tron ngoai tiép
tor giac do.
2. Chung minh raing MP + MQ = AH.
3. Chung minh OH L PQ.

Loi gidi:

1. Tacé MP L AB (gt) => ZAPM = 90°% MQ L AC (gt)

=> /AQM = 90° nhu vay P va Q cing nhin BC dudi mdt goc bang 90° nén P va Q cing nim trén
duong tron duong kinh AM => APMQ 12 tir giac noi tiép.

* Vi AM la duong kinh cta dudng tron ngoai tiép tir giac APMQ tam O ciia duong tron ngoai
tiép tr giac APMQ 1a trung diém ctia AM.

2. Tam giac ABC c6 AH la duong cao => Sasc = % BC.AH.
Tam giac ABM c6 MP la duong cao => Sasm = %AB.MP

Tam giac ACM c6 MQ la duong cao => Sacm = %AC.MQ



Ta cO Sasm + Sacw = Sasc => %AB.MP + %AC.MQ -

N |-

BC.AH => AB.MP + AC.MQ = BC.AH
Ma AB =BC =CA (vi tam gidc ABC déu) => MP + MQ = AH.
3. Tam giac ABC c6 AH la duong cao nén cling la duong phan giac = ZHAP = ZHAQ =>
HP=HQ ( tinh chit géc noi tiép ) => LZHOP = ZHOQ (t/c goc & tim) => OH la tia phan gidc goc
POQ. Ma tam giac POQ can tai O ( vi OP va OQ cung la ban kinh) nén suy ra OH cling la duong
cao => OH L PQ
Bai 18 Cho duong tron (O) duong kinh AB. Trén doan thang OB 14y diém H bat ki ( H khong
tring O, B) ; trén dudng thing vudng goc v4i OB tai H, iy mot diém M ¢ ngoai duong tron ;
MA va MB tht ty cat duong tron (O) tai C va D. Goi I 13 giao diém cta AD va BC.

1. Chtng minh MCID 14 t&r giac ndi tiép .

2. Chting minh cac dudng thang AD, BC, MH dong quy tai I.

3. Goi K 14 tAm dudng tron ngoai tiép tir gidc MCID, Chimg minh KCOH 14 tt giac ndi tiép

Loi gidi:
1. Tac6 : éACB = 90° ( ndi tiép chin nirc dudng tron )
=> éMCI = 90° (vi 14 hai goc ké bu).
6ADB = 90° ( ndi tiép chin nirc dudng tron )
=> éMDI = 90° (vi 13 hai goc ké bu).
=> éMCI + éMDI = 180° ma déy 14 hai goc dbi cua tir giac MCID nén MCID 1 tir giac ndi tiép.
2. Theo trén Ta c6 BC L. MA; AD L MB nén BC va AD la hai duong cao cua tam giac
MAB ma BC va AD cit nhau tai I nén I 14 tryc tim cila tam gidc MAB. Theo gia thiét thi MH L
AB nén MH ciing 14 dudng cao ctia tam giac MAB => AD, BC, MH d6ng quy tai I.
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3. AOAC can tai O ( vi OA va OC la ban kinh) => ZA1 = £C4
AKCM can tai K ( vi KC va KM la ban kinh) => /M1 = ZCy .

Ma £A1 + ZM1 = 90° ( do tam gidc AHM vudng tai H) => ZCy +
£Cs=90°=> £C3+ £C2=190° ( vi goc ACM la goc bet) hay LOCK =90°.
Xét tr gidc KCOH Ta c6 ZOHK =90% ~OCK =90°=> ZOHK + ZOCK = 180° ma ZOHK va
Z0OCK 1a hai goc d6i nén KCOH 1a ttr giac noi tiép.

Bai 19. Cho dudng tron (O) dudng kinh AC. Trén ban kinh OC 1y diém B tuy y (B khac O, C).
Goi M 1a trung diém cta doan AB. Qua M ké day cung DE vudng goc v6i AB. Nbi CD, Ké BI
vuong goc véi CD.

1. Chung minh tir giac BMDI ndi tiép .

2. Chtrng minh tr giac ADBE 1a hinh thoi.

3. Chung minh BI // AD.

4. Chimg minh I, B, E thang hang.

5. Chtrng minh MI 12 tiép tuyén cia (O).
Loi giai:

1. éBIC = 90° ( ndi tiép chan nira duong tron ) => ¢BID = 90° (vi 13 hai gbc ké bu); DE L AB
tai M => éBMD = 9(°
=> éBID + éBMD = 180° ma day 1a hai goc dbi cua tr giac MBID nén MBID 1a tir giac noi tiép.

2. Theo gia thiét M 1a trung diém ctia AB; DE L AB tai M nén M ciing 14 trung diém ctia DE
(quan hé duong kinh va day cung)



=> T giac ADBE la hinh thoi vi ¢6 hai duong chéo vudng
gbc v6i nhau tai trung diém ctia mdi dudng .

3. éADC = 90° ( ndi tiép chan nira dudng tron ) => AD L DC; theo trén Bl L DC => Bl // AD.
(1)

4. Theo gia thiét ADBE 14 hinh thoi => EB // AD (2).
Tir (1) va (2) => 1, B, E thang hang (vi qua B chi c6 mot dudng thang song song véi AD ma thoi.)

5.1, B, E thang hang nén tam giac IDE vuong tai I => IM 1a trung tuyén ( vi M 1a trung diém
cua DE) =>MI = ME => AMIE céan tai M => £l1 = ZE; ; AO’IC can tai O’ ( vi O’C va O’l cung
Ia ban kinh) => /l3= ZCy ma £C1 = ZE1 ( Cung phu v6i goc EDC ) => L1 = LIz => /11 +
Lla=Zls+ L. MaZls+ £l = ZBIC =90°=> Z11 + £l =90° = ZMIO’ hay MI 1 O’I tai
I =>MI 1 tiép tuyén cua (O”).
Bai 20. Cho duong tron (O; R) va (0O’; R’) ¢ R > R’ tiép xtlic ngoai nhau tai C. Goi AC va BC
13 hai duong kinh di qua diém C cua (O) va (O°). DE la ddy cung cua (O) vudng goc v6i AB tai
trung diém M cua AB. Goi giao diém thtr hai caa DC véi (0O°) 1a F, BD cit (O’) tai G. Chung
minh rang:

1. Ta giac MDGC ndi tiép .
2. Bén diém M, D, B, F cung nam trén mot duong tron
3. Tu giac ADBE 1a hinh thoi.
4. B, E, F thang hang
5. DF, EG, AB dong quy.
6. MF=1/2 DE.
7. MF la tiép tuyén cua (O”).
Loi gia
1. éBGC = 90° ( noi tiép chan nira duong tron )

=> éCGD = 90° (vi 14 hai goc ké bu)
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Theo gia thiét DE L AB tai M => éCMD = 90°
=> éCGD + éCMD = 180° ma déy 1a hai goc d6i cua tir giac MCGD nén MCGD 14 tir giac ndi
tiép

2. éBFC = 90° ( néi tiép chdn nira duong tron ) => éBFD = 90% éBMD = 90° (vi DE L
AB tai M) nhu vay F va M cung nhin BD dudi mot goc bang 90° nén F va M cliing nam trén
duong tron duong kinh BD => M, D, B, F ciing nam trén mot duong tron .

3. Theo gia thiét M 14 trung diém ciia AB; DE L AB tai M nén M ciing 13 trung diém cua
DE (quan h¢ duong kinh va day cung)
=> T giac ADBE 1a hinh thoi vi ¢6 hai dudng chéo vudng goc véi nhau tai trung diém ctia mdi
duong .

4. éADC = 90° ( ndi tiép chan ntra duong tron ) => AD L DF ; theo trén tir giac ADBE la
hinh tho => BE // AD ma AD L DF nén suy ra BE L DF .

Theo trén éBFC = 90° ( ndi tiép chin nira dudng tron ) => BF L DF ma qua B chi c6 mot dudng
thang vudng goc voi DF do do B, E, F thang hang.

5. Theo trén DF L BE; BM L DE ma DF va BM cit nhau tai C nén C 1a truc tdm cta tam
gidac BDE => EC ciing 1a dudng cao => ECLBD:; theo trén CGLBD => E,C,G thang hang. Vay
DF, EG, AB dong quy

6. Theo trén DF L BE => ADEF vuéng tai F ¢6 FM 14 trung tuyén (vi M 14 trung diém cta
DE) suy ra MF = 1/2 DE ( vi trong tam gidc vudng trung tuyén thudc canh huyén bang nira canh
huyén).

7. (HD) theo trén MF = 1/2 DE => MD = MF => AMDF cén tai M => /D1 = /F;

AO’BF céan tai O’ ( vi O’B va O’F cung la ban kinh ) => £ZF3 = /B1 ma £B1 = ZD1 (Cung phu
voi ZDEB) => LF1= LF3=> /LF1+ LF2 = LF3+ /F2 . Ma LF3 + ZF, = ZBFC = 90° => /F; +
/F2=90°= /ZMFO’ hay MF L O’F tai F => MF la tiép tuyén ctia (O’).

Bai 21. Cho dudng tron (O) dudng kinh AB. Goi I 1a trung diém cua OA . V& dudng tron tAm I
di qua A, trén (I) lay P bat ki, AP cat (O) tai Q.

1. Chung minh rang cac dudng tron (I) va (O) tiép xtic nhau tai A.
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2. Chtrng minh IP // OQ.
3. Chimg minh ring AP = PQ.
4. Xac dinh vi tri caa P dé tam giac AQB c6 dién tich 16n nhat.
Loi gidi:
1. Taco Ol = OA — IA ma OA va IA 1an luot 14 cac ban kinh cua dudng tron (O) va dudng tron
(I) . Vay duong tron (O) va dudng tron (1) tiép xc nhau tai A .
2. AOAQ can tai O ( vi OA va OQ cung la ban kinh ) => ZA1 = ZQ1

AIAP can tai I ( vi IA va IP cung la ban kinh ) => ZA1 = ZP:

=> /P1 = Z/Q1 ma day 14 hai gbc dong vi nén suy ra IP // OQ.

Q
P

3. ZAPO = 90° (ndi tiép chin nira duong tron ) => OP L AQ =>
OP 14 dudng cao cia AOAQ ma AOAQ can tai O nén OP 1a duong trung tuyén => AP = PQ.

4. (HD) Ké QH L AB ta c6 Sags = %AB.QH. ma AB 13 duong kinh khong ddi nén Sags 16n nhat

khi QH 16n nhat. QH 16n nhit khi Q trung véi trung diém ctia cung AB. Dé Q trung véi trung
diém ciia cung AB thi P phai 13 trung diém cta cung AO.

That vay P 1a trung diém cua cung AO => Pl L AO ma theo trén Pl // QO => QO L AB tai O =>
Q la trung diém cua cung AB va khi d6 H trung v&i O; OQ 16n nhat nén QH 16n nhit.

Bai 22. Cho hinh vuéng ABCD, diém E thudc canh BC. Qua B ké duong thing vudng goc voi
DE, dudng thang nay cat cac duong thang DE va DC theo tht ty & H va K.

1. Chung minh BHCD 1a ttr giac noi tiép .

2. Tinh goc CHK.

3. Chtrng minh KC. KD = KH.KB

4. Khi E di chuyén trén canh BC thi H di chuyén trén dudng nao?

N e

Loi gidi:
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1. Theo gia thiét ABCD 13 hinh vuéng nén ~/BCD = 90% BH L DE tai H nén #BHD = 90° =>
nhu vy H va C cing nhin BD dudi mot goc bang 90° nén H va C cung nam trén dudng tron
duong kinh BD => BHCD la tir giac ndi tiép.

2. BHCD la tir giac noi tiép => ~BDC + ZBHC = 180°. (1)

Z/BHK 1a goc bet nén ZKHC + ZBHC = 180° (2).

A B
1
O el SAH
1 B
D C K

Tur (1) va (2) = ZCHK = ZBDC ma «BDC = 45° (vi ABCD
la hinh vudng) => ZCHK =450,
3. Xét AKHC va AKDB ta c6 ZCHK = ZBDC =45° ; /K la goc chung

=> AKHC ~ AKDB => K¢ _KH __ vc. KD = KH.KB.
KB KD

4. (HD) Ta ludn c6 #BHD = 90° va BD c6 dinh nén khi E chuyén dong trén canh BC c¢b dinh thi
H chuyén dong trén cung BC (E=B thi H=B; E=CthiH=C).

Bai 23. Cho tam giac ABC vudng & A. Dyng & mién ngoai tam giac ABC cac hinh vudng
ABHK, ACDE.
1. Chtng minh ba diém H, A, D thang hang.
2. Puong thang HD cat duong tron ngoai tiép tam giac ABC tai F, ching minh FBC 1 tam
giac vubng can.
3. Cho biét ZABC > 45° ; goi M 1a giao diém cua BF va ED, Chung minh 5 diém b, k, e, m,
¢ cuing nam trén mot dudng tron.
4. Chtng minh MC 14 tiép tuyén cua duong tron ngoai tiép tam gidc ABC.
Loi gidi:
1. Theo gia thiét ABHK 14 hinh vudng => Z/BAH = 450



B 0 £ TG gisc AEDC la hinh vudng => ZCAD = 45% tam giac
ABC vudéng & A => ZBAC =90°
=> /BAH + /BAC + ZCAD = 45° + 90° + 45° = 180° => ba diém H, A, D théing hang.

2. Tacd ZBFC = 90° (noi tiép chin nira duong tron ) nén tam giac BFC vuong tai F. (1).
/FBC = ZFAC ( ndi tiép cung chan cung FC) ma theo trén ZCAD = 45° hay ZFAC = 45° (2).
Tur (1) va (2) suy ra AFBC la tam gidc vuong cén tai F.

3. Theo trén ~/BFC = 90° => ZCFM = 90° ( vi 13 hai goc ké bu); ZCDM = 90° (t/c hinh
vuong).
=> /CFM + ZCDM = 180° ma déy la hai goc ddi nén tir giac CDMF noi tiép mot dudong tron
suy ra ZCDF = ZCMF , ma ZCDF = 45° (vi AEDC la hinh vudng) => ZCMF = 45° hay
ZCMB = 45°,

Ta ciing c6 ZCEB = 45° (vi AEDC la hinh vuong); #BKC = 45° (vi ABHK Ia hinh vudng).
Nhu vay K, E, M cing nhin BC duéi mot goc bang 45° nén cing nam trén cung chira goc 45°
dung trén BC => 5 diém b, k, e, m, ¢ cung nam trén mot duong tron.

4. ACBM c6 /B =45 ; /M = 45° => /BCM =45° hay MC L BC tai C => MC la tiép
tuyén ctia dudng tron ngoai tiép tam giac ABC.

Bai 24. Cho tam giac nhon ABC c6 £B = 45° . V& duong tron duong kinh AC c¢6 tim O, dudng
tron nay ciat BA va BC tai D va E.
1. Ching minh AE = EB.
2. Goi H 1a giao diém cua CD va AE, Chiing minh rang duong trung truc ciia doan HE di qua
trung diém I cua BH.
3. Chung minh OD la tiép tuyén ciia dudng tron ngoai tiép tam giac BDE.
Loi giai:

1. ZAEC = 90° (nbi tiép chin nira dudng tron )
=> ZAEB = 90° ( vi 14 hai goc ké bu); Theo gia thiét ZABE = 45°
=> AAEB la tam gidc vuong can tai E => EA = EB.
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2. Goi K 1a trung diém cua HE (1) ; I 1a trung diém cua
HB => IK 1a duong trung binh cua tam gidc HBE => IK // BE ma ZAEC = 90° nén BE L HE tai
E =>IK L HE tai K (2).

Tir (1) va (2) => IK 1a trung truc ctia HE . Vay trung truc cta doan HE di qua trung diém I cta
BH.

3. theo trén I thudc trung tryc cia HE => IE = ITH ma I 1a trung diém ctia BH => [E = IB.

Z ADC = 90° (ndi tiép chan ntra duong tron ) => ZBDH = 90° (ké bu ZADC) => tam gi4c
BDH vudng tai D ¢6 DI 14 trung tuyén (do I 13 trung diém cua BH) => ID = 1/2 BH hay ID = IB
=>[E =IB = ID => 1 1a tim dudng tron ngoai tiép tam gidc BDE ban kinh ID.

Ta c6 AODC can tai O (vi OD va OC la ban kinh ) => £ZD1 = ZCa. (3)

AIBD can tai [ (vi ID va IB 1a ban kinh ) => /D> = /B1 . (4)
Theo trén ta c6 CD va AE la hai duong cao cua tam giac ABC => H la truc tdm cua tam giac

ABC => BH ciing 1a duong cao cua tam gidc ABC => BH L AC tai F => AAEB c6 ZAFB =90°

Theo trén AADC c6 ZADC =90° => /B; = ZC; ( cung phu ZBAC) (5).

Tu (3), (4), (5) =>«£D1 = ZD2 ma £D, +ZIDH =/BDC = 90°=> /D1 +ZIDH = 90° = ZIDO =>
OD L ID tai D => OD Ia tiép tuyén ctia dudng tron ngoai tiép tam giac BDE.

Bai 25. Cho duong tron (O), BC 1a diy bat ki (BC< 2R). Ké cac tiép tuyén véi duong tron (O)
tai B va C chiing cat nhau tai A. Trén cung nhé BC lay mot diém M rdi ké cac dudng vudng goc
MI, MH, MK xudng céc canh twong tmg BC, AC, AB. Goi giao diém cua BM, IK 1a P; giao diém
cuaCM, IH 1a Q.

1. Chtg minh tam giac ABC can. 2. Cac tt giac BIMK, CIMH ndi tiép .

3. Chimg minh MI? = MH.MK. 4. Chirng minh PQ L MI.

Loi gidi:
1. Theo tinh chat hai tiép tuyén cat nhau ta c6 AB = AC => AABC cén tai A.
2. Theo gia thiét MI L. BC => ZMIB = 90%, MK L AB => Z/MKB = 90°.

=> /MIB + ZMKB = 180° ma day la hai goc d6i => tir giac BIMK noi tiép



HavaMirH

* ( Chitng minh tir gidc CIMH néi tiép twong tw tir gidc BIMK )

3. Theo trén tir gidc BIMK noi tiép => ZKMI + ZKBI = 180 tir giac CHMI ndi tiép => ZHMI
+ /HCI = 180° ma ZKBI = ZHCI ( vi tam giac ABC can tai A) => ZKMI = ZHMI (1).

Theo trén tir giac BIMK ndi tiép => ZB1 = Zl1 ( ndi tiép cing chan cung KM); tr giac CHMI
noi tiép => /Hi1 = £C1 ( ndi tiép cung chin cung IM). Ma /B1 = ZC1 (=1/2sd BM ) => £I; =
ZH1 (2).

Tur (1) va (2) => AMKI - AMIH => M _MK s M1z = MH.MK
MH M
A
H
Kb M
P\ 4,/
B 2 1 C

4. Theotréntacd Zl1 = ZCy; cling chirng minh tuwong tu ta c6 Z12
= /B, ma £Cy + £ZB2 + ZBMC = 180° => /I; + ZI2 + ZBMC = 180° hay ZPIQ + ZPMQ =
180° ma day 1a hai goc d6i => tir giac PMQI ndi tiép => Q1 = Ll ma Ll = £C1=> £Q1 = £Cy
=>PQ // BC ( vi ¢6 hai goc dong vi bang nhau) . Theo gia thiét MI LBC nén suy ra IM L PQ.
Bai 26. Cho duong tron (O), duong kinh AB = 2R. V& diy cung CD L AB & H. Goi M 1a diém
chinh giita ctia cung CB, I 13 giao diém ctua CB va OM. K 14 giao diém ctia AM va CB. Chimg
minh :

1. %:% 2. AM la tia phan giac cia ZCMD. 3. Tt giac OHCI ndi tiép

4. Chirng minh dudng vudng goc ké tir M dén AC ciing 14 tiép tuyén cua duong tron tai M.

Loi gidi: 1. Theo gia thiét M 1a trung diém ctia BC => MB=MC

=> Z/CAM = Z/BAM (hai goc ndi tiép chan hai cung bang nhau) => AK la tia phan giac ctia goc
KC AC

CAB => = t/c tia phan giac cua tam giac
B AB ( phan g giac )



2. (HD) Theo gia thiét CD 1 AB => A 14 trung diém ctia CD => ZCMA

= ZDMA => MA 1a tia phan gic cta goc CMD.
3. (HD) Theo gia thiét M 1a trung diém cia BC =>OM L BC tai [ => Z0IC =90°; CD L AB
taiH =>Z0HC =90°=> £0IC + ZOHC = 180° ma déy la hai goc d6i => tir gisc OHCI noi
tiép
4, Ké MJ L AC tacoé MJ // BC ( vi cung vuodng goc voi AC). Theo trén OM L BC =>OM 1L MJ
tai J suy ra MJ 12 tiép tuyén cta dudng tron tai M.
Bai 27 Cho duong tron (O) va mot diém A & ngoai duong tron . Cac tiép tuyén voi dudng tron
(0) ké tir A tiép xtic véi dudong tron (O) tai B va C. Goi M la diém tuy y trén duong tron ( M
khéac B, C), tt M k¢ MH L BC, MK L. CA, MI L AB. Chtrng minh :

Tu gidc ABOC noi tiép. 2. Z/BAO = £ BCO. 3. AMIH ~ AMHK. 4. MI.LMK =

MH?2,
Loi giai:
H M
A
K
C
(HS tu giai)

Tt giac ABOC ndi tiép => /BAO = £ BCO (ndi tiép cing chin cung BO).

Theo gia thiét MH L. BC => /MHC = 90%, MK L CA => Z/MKC = 90°
=> /MHC + ZMKC = 180° ma day la hai goc dbi => tir gisc MHCK ndi tiép => ZHCM =
ZHKM (ndi tiép ciing chan cung HM).
Chung minh tuwong tur ta ¢6 tir giac MHBI ndi tiép => ZMHI = ZMBI (ndi tiép cung chan cung
IM).
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Ma ZHCM = ZMBI (=1/2 sd@ BM ) => ZHKM = Z/MHI (1). Ching minh tuwong tu ta ciing co
ZKHM = ZHIM (2). Tu (1) va (2) => A HIM ~ A KHM.

Theo trén A HIM ~ A KHM => M__MH __ VIl MK = MH?
MH MK

Bai 28 Cho tam gidc ABC noi tiép (O). Goi H 1a tryc tAm cia tam giac ABC; E 1a diém d6i
xtng ciia H qua BC; F 1a diém ddi xtmg cta H qua trung diém I cua BC.
1. Chung minh ti giac BHCF 1a hinh binh hanh.
2. E, F nidm trén dudng tron (O).
3. Chung minh tr giac BCFE la hinh thang cén.
4. Goi G 1a giao diém cua AI va OH. Chtrng minh G 14 trong tdm cta tam giac ABC.
Loi gidi:
1. Theo gia thiét F 1a diém d6i xtng cua H qua trung diém I cua BC => 1 14 trung diém BC
va HE => BHCF 1a hinh binh hanh vi ¢6 hai dudng chéo cit nhau tai trung diém cia mdi dudng .
2. (HD) Tt giac AB’HC’ noi tiép => Z/BAC + /B HC’ = 180° ma BHC = /B’HC’ (dbi
dinh) => ZBAC + ZBHC = 180°. Theo trén BHCF la hinh binh hanh => #BHC = ZBFC =>
ZBFC + ZBAC = 180°

=> Tt gidc ABFC noi tiép => F thudc (O).

* H va E d6i xtng nhau qua BC => ABHC = ABEC (c.c.c) => /BHC = /BEC => / BEC +
Z/BAC = 180° => ABEC noi tiép => E thudc (O) .

3. Ta c6 H va E dbi xtg nhau qua BC => BC L HE (1) va IH =IE ma I 1a trung diém
cua cua HF => EI = 1/2 HE => tam giac HEF vuodng tai E hay FE L HE (2)
Tu (1) va (2) = EF // BC => BEFC la hinh thang. (3)
Theo trén E €(0) => ZCBE = ZCAE ( noi tiép cing chin cung CE) (4).
Theo trén F €(0) va £FEA =90°=> AF la duong kinh cta (O) => ZACF =90° => /BCF =
ZCAE (vi cung phu ZACB) (5).
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Tu (4) va (5) => ZBCF = ZCBE (6).
Tu (3) va (6) = tr giac BEFC 1a hinh thang can.

4. Theo trén AF 1a duong kinh ciia (O) => O 1a trung diém ctia AF; BHCF 14 hinh binh
hanh => I 14 trung diém ciia HF => OI 1a duong trung binh ciia tam giac AHF =>OI=1/2 AH.
Theo gia thiét I 1a trung diém cua BC => OI L BC ( Quan hé duong kinh va day cung) => ZOIG

= ZHAG (vi so le trong); lai c6 ZOGI = ~ HGA (d6i dinh) => AOGI ~ AHGA => %:% ma

Ol = % AH  => %:% ma AT I3 trung tuyén cita tam gidgc ABC (do I 13 trung diém ciia BC)

=> (G la trong tam cua tam giac ABC.
Bai 29 BC la mot day cung ciia dudng tron (O; R) (BC = 2R). Piém A di dong trén cung 16n
BC sao cho O luén nam trong tam giac ABC. Cac duong cao AD, BE, CF cua tam giac ABC
ddng quy tai H.
1. Chtng minh tam giac AEF dong dang voi tam giac ABC.
2. Goi A’ la trung diém cua BC, Chung minh AH =20A".
3. Goi A1 1a trung diém cua EF, Chiing minh R.AA1 = AA’. OA’.
4. Chtng minh R(EF + FD + DE) = 2Sasc suy ra vi tri ciia A dé tong EF + FD + DE dat gia
tri 16n nhat.
Loi giai: (HD)
1. TG giac BFEC noi tiép => ZAEF = ZACB (clng bl ZBFE)
/AEF = Z/ABC (cung bu ZCEF) => A AEF ~ A ABC.
2. V& duong kinh AK => KB // CH ( cung vudng géc AB); KC // BH (cung vuéng goc AC) =>
BHKC 1a hinh binh hanh => A’ 1a trung diém cua HK => OK 1a duong trung binh cia  AAHK
=> AH =20A°’

3. ap dung tinh chét : néu hai tam gidc dong dang thi ti sé giita hia

trung tuyén, ti s6 giita hai ban kinh cdc dwong tron ngoaqi tiép bang ti sé dong dang. ta co :
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A AEF ~ A ABC => RE:% (1) trong d6 R 1a ban kinh dudng tron ngoai tiép AABC; R’ 1a ban

kinh duong tron ngoai tiép A AEF; AA’ 13 trung tuyén cia AABC; AA; 1a trung tuyén cua
AAEF.
Tt giac AEHF néi tiép dudng tron dudng kinh AH nén day ciing 1a dudng tron ngoai tiép AAEF

Tir (1) => RAAL = AA’. R’ = AA’ % —An’ . 2A0

Vay R.AA1=AA" . A’O (2)
4. Goi B’, C’1an luot 13 trung diém cua AC, AB, ta ¢6 OB’ LAC ; OC’ LAB (ban kinh di qua trung
diém cua mot day khong qua tim) => OA’, OB’, OC” lan luot 14 cac duong cao cia cic tam giac

OBC, OCA, OAB.
Sasc = Sosct Soca + Soas Z%( OA’ .BC’+0OB’. AC+0C’.AB)
2Sasc =0A’ .BC+OB’. AC’+0C’. AB (3)

Theo (2) => 0OA’ =R.. % ma %12‘1 ti s6 giita 2 trung tuyén cta hai tam giac dong dang AEF

va ABC nén AA - E Tuong tytacd: OB’ =R .E; OC’=R. ED Thay vao (3) ta dugc
AA'  BC AC AB
EF FD ED
2Saec =R (=——=.BC+—.AC+——_.AB) <> 2Sagc = R(EF + FD + DE
ABC (BC 2o PCt g ) Asc = R( )

* R(EF + FD + DE) = 2Sasc ma R khong d6i nén (EF + FD + DE) dat gi tri 16n nhét khi Sasc.
Ta O Sasc = %AD.BC do BC khong ddi nén Sasc 16n nhat khi AD 16n nhat, ma AD 16n nhét

khi A 1a diém chinh giita ctia cung 16n BC.

Bai 30 Cho tam gidc ABC noi tiép (O; R), tia phan giac ctia goc BAC cit (O) tai M. V& duong
cao AH va ban kinh OA.
1. Chung minh AM la phan gidc ctia gobc OAH.
2. Giastr «B > ZC. Chung minh ZOAH = /B - ZC.
3. Cho ZBAC =60° va ZOAH = 20°. Tinh:
a) «ZBva ZC cuatam giac ABC.
b) Dién tich hinh vién phan gidi han bdi day BC va cung nho
BC theo R
Loi gidi: (HD)




HavaMKTH
1. AM la phan gic cia Z/BAC => ZBAM = ZCAM => BM =CM => M 4 trung diém ciia cung
BC => OM L BC; Theo gia thiét AH L BC => OM // AH => ZHAM = ZOMA ( so le). Ma
Z0MA = ZOAM ( vi tam gidc OAM can tai O do c6 OM = OA = R) = ZHAM = OAM =>
AM la tia phan giac cua goc OAH
2. Vé day BD L OA => AB=AD=> Z/ABD = Z/ACB. Tac6 ZOAH = Z DBC ( goc co6 canh
tuong tng vuong goéc cung nhon) => LOAH = ZABC - ZABD => ZOAH = ZABC - ZACB
hay Z/OAH = /B - £C.
3. a) Theo gia thiét ZBAC =60°=> /B + £C =120°; theo trén /B £C = ZOAH => /B - /C
=200,

s {4B+4c =120° _ {45:700

/B-2C=20° £C=50°

R%.120% 1 R
b) Svp = SqBOC -SaBoc = %T—E R\/§E:

7R* R’A3  R.(47-33)
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